The measurement based, or one-way, model of quantum computation for continuous variables uses a highly entangled state called a cluster state to accomplish the task of computing. Cluster states that are universal for computation are a subset of a class of states called graph states. These states are Gaussian states and therefore require that the homodyne detection (Gaussian measurement) scheme is supplemented with a non-Gaussian measurement for universal computation, a significant experimental challenge. Here we define a new non-Gaussian class of states based on hypergraphs which satisfy the requirements of the Lloyd-Braunstein criteria while restricted to a Gaussian measurement strategy. Our main result is to show that, taking advantage of the intrinsic multimode nonlinearity, a hypergraph consisting of 3-edges can be used to apply a three-mode operation to an input three-mode state. As a special case, this technique can be used to apply the cubic phase gate to a single mode.
I. INTRODUCTION
Recent years have seen a notable development of interest in technologies capable of taking advantage of the nonlinear aspects of quantum mechanics especially in optomechanics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] , whether electromechanical, membrane in the middle or levitated systems, or in optical systems [12] [13] [14] [15] . In parallel there is a strong thread of development of quantum information processing with continuous variables (CV) [16] [17] [18] . These research trajectories are complementary in that the most interesting quantum information processing tasks for continuous variables tend to require non-Gaussian operations [19] [20] [21] [22] [23] which are implemented via dynamics incorporating nonlinearities in the quadrature/mode operators. Simultaneously the development of quantum information processing tasks which require such nonlinear dynamics provides a stimulus to develop theoretical insight into nonlinear quantum mechanics [19, 21, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] and experimental progress towards implementing such tasks [15, [34] [35] [36] [37] . A clear example of the linear/nonlinear distinction is afforded in quantum computing wherein universality, defined as the ability to simulate an arbitrary Hamiltonian up to arbitrary accuracy, requires a non-Gaussian operation as well as access to the class of Gaussian operations. This translates directly into a distinction between linear and nonlinear operations.
Analogously, discrete variable (DV) systems require, in addition to Clifford operations, access to a non-Clifford operation. In both cases, the straightforward approach is to find an interaction that takes the set of states outside the limiting Gaussian/Clifford classes, or in the case of measurement based quantum computation (MBQC) non-Clifford/non-Gaussian projective measurements. In CV systems this is particularly difficult as engineering nonlinear Hamiltonians remains a challenge. Alternative strategies have been developed both for DV and CV, often with a clear thematic link between the two. Thus, in * darren.moore@upol.cz DV computing, one has the concept of magic states [38] , a set of ancilla states which in addition to Clifford operations permit universal quantum computation. The analogy in CV systems is found with the cubic phase state playing the role of the magic state [39] , such that the measurement strategy is composed of only homodyne detection (Gaussian measurements). The idea can be recast in terms of seeding a cluster state with the requisite ancilla state [40] . Note that, since CV computation requires a discrete encoding for fault-tolerance, there are nonlinear states forming the encoding that allow the measurement strategy to remain Gaussian [41, 42] .
Some recent developments in quantum information have lead to research into discrete variable hypergraph states [43, 44] along with their entanglement and symmetry properties [45] [46] [47] . These special symmetry properties allow a properly prepared hypergraph to implement universal measurement based quantum computation (MBQC) while retaining a measurement strategy that draws only from the class of Pauli operators, although this is not an exhaustive description of systems with such a property [48] .
In what follows we introduce the class of CV hypergraph states. Unlike cluster states, such states have a highly nonlinear preparation which obviates the need for nonlinear measurements in order to implement nonlinear gate operations. We will demonstrate that hypergraphs with minimal nonlinearity, produced by cubic interactions, are sufficient for for universal quantum computing with CV while retaining a Gaussian measurement strategy. To accomplish this, we design a protocol taking advantage of the inherent multimode nonlinearity to apply a three-mode operation on an arbitrary three-mode input state. As a special case, this operation is used to implement the single mode cubic phase gate.
II. CV HYPERGRAPH STATES
A hypergraph is a pair (V, E) where the set V contains the n vertices of the hypergraph and the elements of subsets of V are connected by a hyperedge and i = 1, . . . , labels each hyperedge. A useful classification is that of k-uniformity in which a k-uniform hypergraph contains only edges of order k.
Let |0 p denote an eigenstate of momentum with eigenvalue zero. Despite their idealised nature, these states form a useful mathematical representation easily mapped to the formalism of hypergraphs. They will represent the elements of the set V . To define the edges we introduce the entangling operator CZ i1,...,i k = e iqi 1 ...qi k , with q the canonical position operator, which forms a generalisation of the controlled phase gates to k − 1 control qumodes. Note that CZ i denotes the familiar displacement in momentum Z(−1) = e iq and CZ i,j the standard CZ gate e iqiqj . Furthermore, observe that this generalisation is still symmetric in the control qumodes i.e. any k − 1 collection of k modes may constitute the set of control qumodes. Finally we may define the k-uniform hypergraph states as follows
where E k ⊂ E denotes the set of hyperedges of order k and e k ∈ E k is a hyperedge. Observe that the states |g 1 are a collection of uncorrelated eigenstates of momentum and |g 2 are the standard graph states, of which cluster states form a subset. The definition of fully general hypergraphs involves a product over all k ≤ n:
(
These include all possible hyperedges up to order n. The construction of an n vertex hypergraph may then include n-body interactions among the qumodes. To illustrate consider a simple linear four-vertex hypergraph with a 3-edge between vertices 1, 2 and 3, and a 2-edge between vertices 3 and 4. Such a graph represents the state e iq1q2q3 e iq3q4 |0 ⊗4 p .
A. Stabilisers and Nullifiers
As an introduction to stabilisers and nullifiers for hypergraph states consider the same for graph states. First recall the position and momentum displacement operators X(s) = e isp , with p the momentum conjugate to q, and Z(s) = e −isq . The stabilisers are the set of operators
where N (i) = {j|(i, j) ∈ E 2 )} is the neighbourhood of the vertex i. The nullifiers follow from the definition of stabiliser as K (2) i (s) |g 2 = |g 2 ∀s ∈ R. They are H
and they have the property that H i |g 2 = 0. Extending to k-uniform hypergraph states, the stabilisers are written
where now the neighbourhood is extended to the hyperedges connected to vertex i by
Similarly the nullifiers can be extended, deriving directly from the stabilisers, as follows
Finally, these operators are extended to the full hypergraph states by including all possible types of hyperedges. The stabilisers are
and the nullifiers
It is easy to see that these relations are true by considering that if X is a stabiliser for |ψ , then U XU † is a stabiliser for U |ψ . Then consider X(s) acting on a momentum eigenstate and the effect of the unitary operators acting to produce the hypergraph state. It is easy to verify that the nullifiers satisfy the property [H To illustrate these concepts consider vertex 3 of the same example presented above. Then the stabiliser has the form K 3 (s) = e isp3 e iq1q2 e iq4 and the nullifier H 3 = p 3 − q 1 q 2 − q 4 .
III. MULTIMODE NONLINEAR OPERATIONS
The power of graph states inheres in their structure, and for hypergraph states this power finds its form in the nonlinearity dispersed among multiple modes. The focus of this article will be on a hypergraph built out of 3-edges which we refer to as a 3-cluster state (Fig. 2 ). This means that the nonlocal nonlinearity will have the cubic form q i q j q k [49] . In fact this cubic form implies the nullifiers of the 3-cluster will take the form p i − q j q k , suggestive of the nonlinear squeezing resource required for adaptively implementing the cubic phase state via measurement [15, 50] . This 3-edge hypergraph bears much similarity to the Union Jack state of Ref [45] and has the ability, through Gaussian measurements, to teleport a 3-edge onto a new set of modes not previously sharing a 3-edge. Gaussian measurements on hypergraphs have the effect of reducing the order of the hyperedges connected to the measured node by one. This is detailed further in Lemmas 1 and 2 in the Appendix. Theorem: A 3-uniform hypergraph (3-graph) under a Gaussian measurement scheme is sufficient to generate a 3-edge between 3 vertices not previously sharing such a hyperedge.
Proof : Consider a 3-uniform hypergraph state with a repeating structure comprised of a cell consisting of a central vertex and four vertices forming an enclosing square alternating with squares lacking a central vertex. The 3-edges are applied on the four triangles formed between the central vertex and its enclosure (see Fig. 2 ). Take a cell of the lattice involving a central vertex and measure q on the upper left corner (see Fig. 1 ). Then, using Lemma 1, the 3-edges are modified to 2-edges (standard CZ edges). Next, a p measurement is made on the central vertex (Lemma 2). This produces a state described by the following expressions. (The Gaussian by-products from the first measurement are omitted for simplicity.)
= dxdye −imx e ix(q1q2+q2q3+q3) |x p |y q |0 p
= dxdye −imx e ixq3 e ixyq1 |x p |y q |xy p
= dxdye −imx e ixq3 e ip3q1 |x p |y q |xy p
= e ip3q1 F 1 CZ 13 Z 1 (m) dxdy |x q |y q |xy p
What this shows is that it is possible to generate a nonlinear three-mode operation between a set of vertices that were not previously connected by a 3-edge. That is, the cell in Fig. 1 is a device allowing 3-edges to be teleported around the hypergraph state. The calculation also makes clear a difference from the standard paradigm of MBQC, in that the byproducts are not necessarily local. This follows from the properties of measurements on hyperedges explored in Lemmas 1 and 2 i.e. measurement of an edge reduces its order by one. However, for the case of a 3-cluster we note that the byproducts are indeed always Gaussian. As a special case, aimed towards universal computing, this technique can be adapted to perform the cubic phase gate on some input state.
Corollory: The cubic phase gate can be implemented on an input state connected to a 3-cluster using only Gaussian measurements.
Proof : Consider the following state, generated by Gaussian operations on an arbitrary input state and two Gaussian ancillas:
The final line consists of a collection of Gaussian operations on a product state. Applying a 3-edge to this state, using the Theorem, followed by p measurements on the ancilla modes produces a cubic phase gate applied to the input |ψ .
By preparing an appropriate three mode ancilla the cubic phase gate can be applied to an arbitrary input state using only Gaussian measurements. The strength of the nonlinearity γ in the cubic gate is determined by the initial squeezing applied to one of the ancilla modes. What remains to satisfy the criteria for universal quantum computation with continuous variables is to ensure that all Gaussian operations are accessible.
It is already known that the standard 2-edge cluster state is universal for Gaussian operations. Knowing that Gaussian measurements on the 3-cluster convert 3-edges into 2-edges (see Appendix) we can find a measurement strategy that converts regions of the 3-cluster into standard cluster states.
Consider the 3-uniform hypergraph state with the alternating geometry from (Fig. 2) . By Lemma 1 (see Appendix) if measurements of q are made on the central vertices then they are disconnected from the graph. Furthermore, the 3-edges are modified to 2-edges (standard CZ edges) in every direction, forming a square lattice of 2-edges. This is indeed the required cluster state, ignoring Gaussian corrections.
The 2D cluster state thus generated is universal for Gaussian operations under Gaussian measurements. It is proper to give some attention to the effects of the Gaussian byproducts of the process, as they may affect the quality of the resulting cluster state. According to Lemma 1, each reduced hyperedge gains a weight. For 3-edges the outcome of the measurements produces a weighted graph state wherein the weights on each 2edge are determined by the outcome of the measurement. This is easily interpreted as a measurement-dependent squeezing m of the remaining modes (see Lemma 1) . As seen in the Lemma, on one hand there is a Gaussian byproduct acting on the resultant state. On the other, the ideal momentum eigenstates absorb the effect of the squeezing directly applied to the cluster vertex. In a realistic scenario using momentum-squeezed states, this is unlikely to occur and the squeezing may be detrimental to the cluster, especially since fault-tolerance relies on high levels of squeezing [39] . There are three cases to consider; m > 1 which anti-squeezes the desired momentumsqueezed mode, m < 1 which enhances the squeezing of the mode and m = 0 in which the identity operator is applied. A consequence of this process is that the entire lattice will not be uniformly squeezed, since different measurements will have independent outcomes.
IV. CONCLUSION
To review, a 3-cluster state is generated as a hypergraph state consisting of 3-edges arranged as in Fig. 2 . The Theorem indicates that the multimode nonlinearity can be used to apply a nonlocal, nonlinear operation on a set of input modes. This apparatus can be co-opted into a degenerate form in which the cubic nonlinearity is condensed into a single mode, producing the cubic phase gate and leaving the two other input modes as ancillas. Finally, a region of a 3-cluster can be converted into a standard cluster state in order to take advantage of its inherent Gaussian universality. With these procedures in place the Lloyd-Braustein criteria for computing with continuous variables are satisfied, making the 3-cluster a candidate for universal quantum computing.
We have defined a new class of CV states, generalising the notion of graph states to non-Gaussian hypergraph states. The class of 3-hypergraphs can act as a tool for performing a multimode nonlinear operation on arbitrary input states and satisfies the typical strategy for showing universality for continuous variables. Furthermore this is all accomplished while restricted to a Gaussian measurement strategy. Hypergraph states exemplify nonlinear phase states for multimode systems and higher orders may also prove to have the structure necessary to carry out interesting nonlinear and multimode operations. Moreover under Gaussian measurements higher order hyperedges do not reduce to Gaussian byproducts, meaning that such higher order structures will blend the capacities of various nonlinearities. There are two basic ways to shape hypergraph states using Gaussian measurements: position measurements or momentum measurements. Lemma 1 addresses position measurements and Lemma 2 addresses momentum measurements.
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Lemma 1: A q measurement on a vertex of a hypergraph state disconnects the measured vertex from the hypergraph, converting any hyperedges on the affected vertex from k-hyperedges to (k − 1)-hyperedges along with a Gaussian by-product.
Proof : Consider a generic hypergraph state, as in Eq. (2) . Perform a measurement of q on an arbitrary mode j with result m. For notational brevity, define E k + ⊂ E to be the set of e k ∈ E k such that e k ∈ E k + ⇒ j ∈ e k . Then define E k − ⊂ E to be the set of e k ∈ E k such that j / ∈ e k . Without loss of generality let j be the kth vertex for e k ∈ E + . Now the measurement has the following effect: 
Commute the displacement through the graph operator. Furthermore, for a squeezing operator defined by S(s) = e − i 2 ln s(qp+pq) , the effect on position eigenstates is S † |= | q s q , where the squeezing is in momentum (position) for s > 1 (0 < s < 1). It follows that S † (s)qS(s) = sq. Thus the measurement induces a squeezing on an arbitrary mode of any hyperedge connected to the measured vertex. Without loss of generality, let this be the (k − 1)th vertex. Therefore, 
This state is the hypergraph state |g ≤n with the mea-sured vertex disconnected from the graph while all hy-peredges associated with the measured vertex suffer a decrease in order by one, as claimed. Lemma 2: A p measurement on a vertex of a hypergraph state converts any hyperedges on the affected vertex from k-hyperedges to (k − 1)-hyperedges The newly generated hyperedges are in a superposition of all possible weights, with a phase determined by the weight and the measurement result.
Proof : The proof proceeds in the same fashion as that of Lemma 1, the core element of which is the effect on hyperedges connected to the measured vertex. Consider the same notation and for simplicity restrict attention to the set of k-hyperedges E k + . Then, Observe that these new edges can be 1-edges which are displacements. These can be manipulated to sometimes present more interesting states. For example, in the case of a 3-vertex cluster state a measurement on the middle vertex creates a superposition that can be manipulated to show that the result is exactly a CZ i,j gate between the first and last vertices.
